Weighted Sobolev spaces and embedding theorems 



V. Gol'dshtein, A. Ukhlov 1 

ABSTRACT. 

^ " In the present paper we study embedding operators for weighted Sobolev spaces whose weights 

satisfy the well-known Muckenhoupt Ap-condition. Sufficient conditions for boundedness and 

o 
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compactness of the embedding operators are obtained for smooth domains and domains with 
boundary singularities. The proposed method is based on the concept of 'generalized' quasi- 



| conformal homeomorphisms (homeomorphisms with bounded mean distortion.) The choice of 

the homeomorphism type depends on the choice of the corresponding weighted Sobolev space. 
Such classes of homeomorphisms induce bounded composition operators for weighted Sobolev 
spaces. With the help of these homeomorphism classes the embedding problem for non-smooth 
domains is reduced to the corresponding classical embedding problem for smooth domains. Ex- 
amples of domains with anisotropic Holder singularities demonstrate sharpness of our machinery 
i-C ' comparatively with known results. 

c3 ' 

Introduction 



■^j" ■ Weighted Sobolev spaces are solution spaces of degenerate elliptic equations (see, for 

example [1]). Type of a weight depends on the equation type. Similar to the classical 
theory of Sobolev spaces, embedding theorems of weighted Sobolev spaces are suitable 
for the corresponding elliptic boundary problems, especially for existence and uniqueness 
of solutions. Embedding operators for weighted Sobolev spaces in smooth domains were 
studied by many authors (see, for example, [1-6]) with the help of the integral represen- 
tations theory adopted to the weighted case. Weighted Sobolev spaces in non smooth 



domains were not studied before, except article [7] where some sufficient conditions for 
boundedness of the embedding operators were obtained. The main technical problem 
for the non-smooth case is an adequate description of an interplay between weights and 
boundary types (singularities). The adequate choice allows us to obtain sharp Sobolev 
^ ■ type embeddings. 

The relation between Jacobians of quasiconformal homeomorphisms and admissible 
weights for Sobolev and Poincare inequalities was studied in [8]. In the present article we 
introduce a new approach based on the concept of 'generalized' quasiconformal homeo- 
morphisms (or homeomorphisms with bounded mean distortion in another terminology) 
that induce bounded composition operators of weighted Sobolev spaces. These homeo- 
morphisms transform the original embedding operators on non smooth domains to the 
embedding operators on smooth domains with a corresponding weight change. This ap- 
proach was suggested in [9] for classical Sobolev spaces on non smooth domains and can 
be briefly described with the help of the following diagram: 

Wi(D',w)^Wi(D) 
i i 
L s (D',w) { CT L r (D) 
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Here the operator ip*f = f o ip is a bounded composition operator of Sobolev spaces 
induced by a homeomorphism ip that maps smooth domain D C R™ onto non smooth 
domain D' C R n . Suppose that its inverse homeomorphism <^ _1 induces a bounded 
composition operator of corresponding Lebesgue spaces. If the Sobolev space Wg(D) per- 
mits a bounded (compact) embedding operator into L r (D) then, using the corresponding 
compositions, we can construct the embedding operator of the weighted Sobolev space 
Wp(D',w) into L s (D',w). The same scheme was used in the article [10] for the study of 
the embedding operators of W\ into L 2 on non smooth bounded domains. In article [11] 
the same approach was applied to embedding problems for domains of Carnot groups. 

Let us shortly describe the content of the paper. In section 1 we give necessary def- 
initions and prove density of smooth functions in weighted Sobolev spaces with weights 
satisfying the A p -condition. Such weighted Sobolev spaces are Banach spaces. In section 
2 we introduce classes of quasiisometrical homeomorphisms and prove sufficient condi- 
tions for the compactness of the embedding operators for the weighted Sobolev spaces in 
domains quasiisometrically equivalent to smooth ones. In section 3 we introduce classes 
of homeomorphisms with bounded mean distortion and study embedding operators for 
weighted Sobolev spaces defined on images of smooth domains. We apply these abstract 
results to domains with anisotropic Holder type singularities. The obtained estimates are 
sharper than the known result [7]. 

In section 5 we apply embedding theorems for weighted Sobolev spaces to degenerated 
elliptic boundary problems. 

1. Weighted spaces 

In this paper we study weighted Lebesgue and Sobolev spaces defined in the domains 
of n-dimensional Euclidean space R ra , n > 2. 

Let D be an open subset of R n , n > 2, and w : R™ — > [0, oo) be a locally summable 
nonnegative function, i.e., a weight. Define a weighted Lebesgue space L p (D,w), 1 < 
p < oo, as a Banach space of locally summable functions / : D — > R equipped with the 
following norm: 

\\f\L p (D,w)\\=(^J \f\ p (x)w(x)dx^j l<p<oo. 

D 

Define a weighted Sobolev space W™(D, w), 1 < m < oo, 1 < p < oo, as a normed space 
of locally summable, m times weakly differentiable functions / : D — > R equipped with 
the following norm: 

||/ | W p m (D,w)\\ =(j \fnx)w(x)dx) /P +J2(J \D a f\ p (x)w(x)dx\ '\ 

D \ a \= m D 

a := (ai, a 2 , a n ) is a multiindex, ctj = 0, 1, |a| = a\ + a 2 + ... + a n and D a f is the 
weak derivative of order a of the function /: 

J fD a r] dx = (-1) H J (D a f)r] dx, Wr] G C?(D). 

D D 

As usual C£°(D) is the space of infinitely smooth functions with a compact support. 
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By technical reasons we will need also a seminormed space L™(D) of locally summable, 
m times weakly differentiable functions / : D — > R equipped with the following seminorm: 



11/ I Ll(D,w)\\ = E ( / 

\a\=m D 



1/p 



Without additional restrictions the space W™(D, w) is not necessarily a Banach space 
(see, for example [1]). 

Let us assume additionally that weight w : W n — > [0, oo) satisfies the well-known A p - 
condition: 

1 t \( \ 



p-i 



where 1 < p < oo, and |-B| is Lebesgue measure of ball B. 

Theorem 1. Let D C M™ be an open set and a weight u> satisfies to the A p -condition. 
Then W™(D,w), 1 < m < oo, 1 < p < oo, is a Banach space. Smooth functions of the 
class W™(D,w) are dense in W™(D,w). 

Let us give some remarks before the proof. 

Suppose that nonnegative function uj : W 1 — > [0, oo) belongs to C 00 (M™), supper C 
5(0, 1) and 



u; dx — 1. 



Denote by 



A r f(x) = ^Ju(^jf(z) dz 



a mollifier function of / with a mollification kernel uj. 

Let D«5 = {x E D : dist(a;, dD) > 5} for 5 > 0. The proof of the theorem is based on 
the following lemma (see, for example [12]): 

Lemma 1. Let D C W 1 be an open set and a function / G L l loc (D) has a weak 
derivative D a / on D. Then for every < r < 5 

D a (A r f) = A r (D a f) on D s . 



Proof. For the reader convenience we reproduce here a version of the proof. Note, 
that for every x G Ds, 

(A r f)(x) = J f(x - rz)uj(z) dz, < r < 5. 

B(0,1) 

By definition of the weak derivative D°(f(x — rz)) = (D"f)(x — rz)) on Ds. 

Suppose (x,z) G DsxB(0, 1). Define F(x, z) = f(x—rz)uj(z) andG(x,z) = (D"f)(x — 
rz)uj(z). Then for each compact K C D s the functions F,G belong to L X {K x B(0, 1)). 
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Moreover, by Fubini's theorem and the definition of the mollification kernel we get 
/(/ \f(x-rz)u(z)\dz^dx = J(±; I \f(y) u (^L)\ dy^dx 

K 5(0,1) K B(x,r) 

= /(?/ l/foM^)! <«*)* £ / / -(^) <b) * 

/ l/(y)l /-•(— ^' ri:r ) d?/ = ,/ dy = lf 1 Ll(ir 



A" r R" K r 



Here is the r-neighborhood of K, K r C -D. Of course, the same estimate is correct 
for G. 

Using the Fubini's theorem we have 

/(/ D%f(x-rz)u(z) dzjri(x)dx= J (^j '(D°f(x - rz)u(z))rj(x) dx^jdz 

D S B(0,1) 5(0,1) D« 

= (-l) |Q| J (^J f(x-rz)u(z)(D a r](x)) dx^jdz 

= /( / f(x-rz)u(z) dz^D a r](x) dx 



5(0,1) As 



A 5(0,1) 



for every function rj G C™(D$). 
Hence for every x e D$ 



D a ((A r f)(x)) = D a ( J f{x-rz)u{z)dz 

B(0,1) 

= | £^/(x-r«)o;(«)(fa = (A-(£> a /))(x). 

5(0,1) 

Proof of Theorem 1. Fix 5 > 0. Since the weight w satisfies the A p -condition, 
Hardy-Littlewood maximal operator 

Mf(x) = sup -i / /(*) ^ 

<5>r>0 r J 

B(x,r) 
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is bounded in L p (Ds,w) [13]. Hence 



\\A r f - f \ L p (D s ,w) 



f(x — rz)cu(z) dz — f(x) 



D s B(0,1) 



w(x) dx 



(f(x - rz) - f(x))u(z) dz) 



Ds B(0,1) 



< ||M|| max u(x 
xeB(o,i) 



(1 |/(x-rz)-/(x)|^(x)dx 

0« 



Here ||M|| is the norm of the maximal operator in the space L p (Ds,w). 
From the last inequality follows, that for continuous functions / 

A r f -> / in L p (D s ,w). 

Using an approximation of an arbitrary function / G L P (D$, w) by continuous functions 
(see, for example, [14]) the convergence can by obtained for / G L p (Ds,w) also. 
By Lemma 1 

4-/-/ in % m (£>*,™) 

for an arbitrary function / G W^"(D,U'). Therefore smooth functions are dense in 
W™(D S: w). 

Density of smooth functions of class W™(D,w) in W™(D,w) will be proved using the 
scheme proposed in [15]. 

Choose a sequence of open sets Dj d -Dj+i i D, j > 1 compactly embedded one 
into another, such that UjDj = D. Let $ be a partition of unity on D, subordinate 
to the covering -Dj+i \ -Dj-i- Let ipj denote the (finite) sum of those tp G for which 
supp^ C D j+1 \Dj-x. Thus i)j G Cg°(Dj + i and = 1 in D. 

Fix e > and for each j = 1,2,... choose </?j G C™(Dj + i \ Dj-i) such that 

lbi-^7|W7(Aw)ll<e2-'. 
Then ^ = £\ V?; e C°°(D), and 

y-f\ w?(d,w)\\ = E^-E^/ 1 % m ^'' 



< 



< £. 



Therefore, the weighted space W™(D, w) is a Banach space and smooth functions of 
the class W™(D,w) are dense in this space. 

Denote by w(A) = j A w(x) dx the weighted measure (the measure associated with the 
weight w) of a measurable set A C M. n . By [13] the Muckenhoupt A p -condition leads to 
the doubling condition for the weighted measure i.e , /i(B(x,2r)) < Ca/i(B(x,r)) for all 
x G W l and r > 0. 
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Definition 1. We call a bounded subdomain D of Euclidean space M. n an embedding 
domain, if for any function / G L^(D), 1 < q < n, the Sobolev-Poincare type inequality 

inf||/- C |L r (D)||<M||/|Lj(D)|| 

eel 

holds for any r < nq/(n — q). Here a constant M depends on q and r only. 

Remind that for any embedding domain and for any r < nq/{n — q) the corresponding 
embedding operator WHD) L r (D) is compact. 

Lipschitz bounded domains D C R n represent examples of embedding domains. Let 
us remind also that Sobolev type embeddings for smooth domains have been studied 
thoroughly and a discussion about the different aspects of the embedding problem can be 
found, for example, in [16]. 

2. Quasiisometrical mappings and Sobolev embeddings 

Let D and D' be domains in Euclidean space R n , n > 2. A homeomorphism tp : D — > D' 
is called Q-quasiisometrical, if there exists a constant < Q < +oo, such that 

1 < <J(x) < <p'(x) < Q 

for all points x G D. Here 

//x r . f \<P(x) ~ ip{z)\ _, \lfi(x) - ip{z)\ 

ip (x) = hmmf : : and ip (x) = hmsup : : . 

It is well known that any Q-quasiisometrical homeomorphism is locally bi-Lipschitz, 
weakly differentiable and differentiable almost everywhere in D. Hence its Jacobi matrix 
Dtp = (If 1 ), i, j = 1, • • • ,n and its Jacobian J(x,tp) = det^f 1 ) are well defined almost 
everywhere in D. By definition of a Q-quasiisometrical homeomorphism 

Q- n < \J(x, V )\<Q n 

almost everywhere. 

Let us remind also, that a quasiisometrical homeomorphism has Luzin iV-property: 
the image of a set of measure zero is a set of measure zero. 

Therefore, for any Q-quasiisometrical homeomorphism ip the change of variable formula 
in the Lebesgue integral 

j f(y) dy = J f oip(x)\J(x,ip)\ dx 

ip(E) E 

holds for any nonnegative measurable function / and any measurable set E C D [17]. 

Suppose weight w satisfies the A p -condition and a homeomorphism (p : IR n — > IR n is 
Q-quasiisometrical. Combining the change of variable formula and the two side estimate 
for \J(x, (p)\ we can conclude that the weight wop also satisfies the A p -condition. 

Theorem 2. Let p : D — > D' be a Q-quasiisometrical homeomorphism. Then a 
composition operator ip*f = f oip is an isomorphism of the Sobolev spaces Wp(D,w) and 
Wp(D', w'), 1 < p < oo, where w = w' o p. 
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Proof. Choose an arbitrary function / E Wp(D',w'). By [14] / belongs to the space 
Wl loc (D') and by [17] the composition / o p e W^ Xoc (D). Hence 

11^7 | w}(d,w)\\ = (/ 1/ ° </TK ° </?)(*) dx ) P + (J W ° v)rK ° dx 

D D 

< y \f o V \^ W ' o V )(x)\j( XjV )\^-^dxy 



D 

+ ( [ \Vfn<p(x))(w' o <p)(x)\J(x, V)\^r% dx 



D 



\J(x,tp)\ 



Since p is a Q-quasiiso metrical homeomorphism the following estimates are correct: 

1 



\J(x,ip)\ 

and 



< Q n for almost all x E D 



\p'(x)\ < Q for almost all x E D. 



Hence 



\<p*f | W}(D,w)\\ < Q^J \fop\P(w'op)(x)\J(x,p)\ 

D 

+ Q* +1 (J \Vf\ p (<p(x)Wo<p(x)\J{x,<p)\ dx 

D 

Using the change of variable formula we finally get the following inequality 
\<p m f\W}(D,w)\\<Q*y \f\ p w\y)\d y y +Q* +1 (J \Vf\ p (vW(v)\dy 



D> D' 



<QHQ + l)\\f\Wi(D',w')\\. 

Since the inverse homeomorphism p~ x is also a Q-quasiisometrical one, the inverse 
inequality 

Wip-'Tg | Wp(D',w')\\ <QT(Q + l)\\g I W p \D,w)l g E W}(D,w). 
is also correct. 

Corollary 1. Let D and D' be domains in the Euclidean space W 1 . Suppose there 
exists a Q-quasiisomerical homeomorphism tp : D — > D' . Then the embedding operator 

% : W}(D,w) ^ L r (D,w) 

is bounded (compact) if and only if the embedding operator 

i' :W'(D',w')^ L r (D',w') 



is bounded (compact). 

Proof. Suppose the embedding operator 

% : W}(D,w) ^ L r {D,w) 

is bounded (compact). Since if" 1 is a Q-quasiisometrical homeomorphism, then a com- 
position operator (y? -1 )* — go 1 : L r (D, w) <^-> L r (D f , w') is bounded as one can see by 
a simple calculation: 

\\(ip- 1 yg\L r (B',w / )\\ 

= (yj \g° f^HvWiy) dy^j = (^J \g\ r (x)w' oif(x)\J(x,ip)\ dx 

D> D 



<Q r ^J \g\ r (x)w(x) dx^j = Q r \\g \ L r (D, w) 

D 



Therefore, the embedding operator %' : Wp(D', w') L r (D',w') is bounded (compact) 
as a composition of bounded operators ip*, (y? -1 )* and bounded (compact) embedding 
operator Wp(D,w) L r (D,w). 

The proof in the inverse direction is the same. 

By Corollary 1 an image D' = <f(D) of an embedding domain D under a quasiiso- 
metrical homeomorphism (p is an embedding domain also. In the paper [10] the various 
examples of embedding domains of such type were discussed. 

The next theorem demonstrates simple conditions for compactness of the embedding 
operators of weighted Sobolev spaces. 

Theorem 3. Let D' C ffi" be a quasiisometrical image of an embedding domain D, 

1 < s < r < nq/ {n — q), q < p, 1 < p < oo, and 

K(w) = maxj||-uTp | L_esl(-D')||, \\w* | L_r ? _(D / )||| < +oo. 
Then the embedding operator 

i:Wi(D',w)^L s (D',w) 

is a compact operator. 

For r = nq/ {n — q) the embedding operator % is bounded only. 

PROOF. By conditions of the theorem there exists a Q-quasiisometrical homeomor- 
phism ip : D — > D' of the embedding domain D onto the domain D'. For any function 
u G Wp(D',w) the composition u o ip is weakly differentiate in the domain D, and the 
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following estimate is correct 



uo up I W\{D)\ = (^j \uoip\ q dx^j " + (^j \V{uo V )\ q dx 

D D 

< ( [ \uo ip\ q (\J(x, if)\w(<f(x))p T dx] 

+ ( I \Vu\ q \Tp\x)\ q {\J{x^)\w^{x))i-- ] dx) 

\J {\J{x,(p)\w{(p{x))p / 



D 

By the Holder inequality 



\uo V \W^D)\\< 



q , p—q 



D D 

i p—q 

p-q \ pq 



- I / ( i 77 7 ^ 1^1 ( / |V U | p (^(x))«;( V (x))| J(x,<p)\ dx) . 



\J(x,ip)\w(ip(x)) 

D D 

Since ip is a Q-quasiisometrical homeomorphism, then by the change of variable formula 
for the Lebesgue integral we obtain 



( p-q 
J w(y)~t=i dyj (J \u\ p w(y) dy 



D> D> 

p — q 

p-q+n I P q \ J"? 

+ Q q ( / w(y)i-p dy 1 I / |Vm| p w(?/) 

£>' D' 

n , p— q+71 

<Q^H||u | L p (iy,w)\\+Q—i-K(w)\\Vu | 
By the previous inequality the composition operator 

cp*:W^D',w)^W^(D), l<q<p<+oo, 

is bounded. 

Let us prove boundedness of the composition operator (y? -1 )* : L r (D) — > L s (D',w). 
By the theorem's conditions the quantity | L_es_(Z)')|| is finite. Hence by [18] the 
composition operator 

(y^ 1 )* : L r (D) -> L s (D',w), 1 < s < r < +oo, 

is bounded. 

Because -D is an embedding domain the embedding operator « : W*(.D) <^-> L r (D) 
is compact for any r < nq/(n — q) and bounded for r = nq/(n — q). Therefore the 
embedding operator i' : Wp(D',w) L s (D',w) is compact (bounded) as a composition 
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of bounded operators ip*, (ip x )* and the compact (bounded) embedding operator i for 
any r < nq/ {n — q) (r = nq/ {n — q)). 

In a similar way we can prove 

Theorem 4. Let D' C K" be a quasiiso metrical image of an embedding domain D, 

1 < s < r < nq/ {n — q), q < p, 1 < p < oo, and 

K(w) = \\w* | L^_(D')\\ < +oo. 
Then the embedding operator 

i:W}(D')^L s (D',w) 

is compact. 

For r = nq/(n — q) the embedding operator i is bounded only. 

The next lemma allows us to construct various examples of the embedding domains. 
Lemma 2. Let Di and D 2 be such domains that embedding operators 

i:W^(D 1 ,w)^L s (D 1 ,v), 

t:Wl(D 2 ,w)^L s (D 2 ,v) 
are compact. Then the embedding operator 

i : W^{D 1 U D 2 , w) L S (D 1 U D 2 , v) 

is also compact. 

Proof. We prove this lemma by the scheme suggested in [10]. Choose a sequence of 
functions {/„} C W^pi U D 2 ,w) such that ||/ n | W^D^ U D 2 ,w)\\ < 1 for all n. Let 
9n = fn\ Dl and h n = f n \ D2 . Then g n G W^pi), ^ G W£{D 2 ), \\f n \ W^{D 1 )\\ < 1, 

\\K\wl{D 2 )\\<\. 

Because the embedding operator i : Wp(Di, w) L s (Di,v) is compact, we can choose 
a subsequence {(?ri fe } of the sequence {g n } which converges in L s (Di,v) to a function 
g E L s (D 1 ,v). Because the second embedding operator i : Wp(D 2 ,w) <^-> L s (D 2 ,v) is 
also compact we can choose a subsequence {/i„ fc } of the sequence {h nk } which converges 
in L s (D 2 ,v) to a function ho G L s (D 2 ,v). It is evident that #o — v -almost everywhere 
in D 1 fl D 2 and the function / = go on Z^! and f = h on D 2 belongs to L S (D 1 U D 2 , v). 

Hence 

||/„ tm -/o I L^D.VJ D 2 ,v)\\ < \\g nkm -9o I + \\h nkm - h \ L s (D 2 ,v)\\. 

Therefore \\f nkm - f \ L S (D 1 U D 2 ,v)\\ — > for m — > oo. 

3. Embedding operators for general domains 

Let D and D' be domains in Euclidean space lR n , n > 2. Remember that a homeomor- 
phism (/? : D — > £)' belongs to Sobolev class ^^(D) if its coordinate functions belong to 
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Wl loc {D). Denote by Dip the weak differential of ip. The norm \Dip{x)\ is the standard 
norm of the linear operator defined by Dip{x). 

Call a homeomorphism ip : D — > D' u-weighted (p, g)-quasiconformal, if ip belongs 
to the Sobolev space W^ loc (D), \Dip\ = almost everywhere on the set Z = {x : 
| J(x, ip)\w(ip(x)) = 0} and the following inequality 



K Ptq (D,w) 



\Dip{x) 



D 



\J(x : ip)\w(ip(x)) 



p-q 

dx 



p-q 

pq 

< OO 



is correct. 

For w = 1 we call a 1-weighted (p, g)-quasiconformal homeomorphism a (p, g)-quasi- 
conformal one. 

The following result was proved in [19] for a more general class of mappings. For readers 
convenience we reproduce here a simple version of the proof adopted to homeomorphisms. 

Proposition 1. Let D and D' be domains in Euclidean space R ra , n > 2 and ip : D — > 
D' be a unweighted (p, g)-quasiconformal homeomorphism. Then a composition operator 

V * : Lj(£>» ^ L\{D), 1 < g < p < +oo, 

is bounded. 

PROOF. Let / e Lp(D',w) be a smooth function. Then / o ip e L\ loc (D) and the 
following inequalities 



\\tp*f\L\(D)\\ = (| Wfo<p)\*dxy< Q \D V \«\V f\« dx 

D D 

< ( f \D<p\ q — J \Vf\V(x,<P)\ q M<P(x))* dx)* 

\^ | J{x, (p)\p w{(p{x))p / 

are correct. 

Using Holder inequality and the change of variable formula for Lebesgue integral, we 
obtain 



\<P*f\Ll(D)\\< 



\Dtp(x)\* V ' ' ; ,i r 



\J(x,<p)\w(<p(x)) 

D D 



J \Vf\r\J(x,<p)\w(<p(x))dx 



K Piq (D,w)\\f\L L p (D',w 



The fulfillment of the last inequality for an arbitrary function / e L p (D', w) can be proved 
by an approximation of / by smooth functions [19]. 

The next theorem gives sufficient condition for boundedness (compactness) embedding 
operators in non-smooth domains. 

Theorem 5. Let a domain D C M™ be an embedding domain and there exists a un- 
weighted (p, g)-quasiconformal homeomorphism tp : D — > D' of domain D onto bounded 
domain D' . 
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If for some p<s<r<oothe following inequality is correct 



J ^| J(x, (p)\w((p(x))^J dx < +00, 

D 



then an embedding operator 



i:W'(D',w)^L s (D',w) 



p ' 

is bounded, if s < r < nq/ (n — q), and is compact if s < r < nq/ {n — q). 
Proof. Because 



J ' (\J(x,ip)\w(<p(x))^ < +00, 

D 



the composition operator (<p 1 )* : L r (D) — > L s (D',w) is bounded, i.e. the following 
inequality 

W^-'Yv I L s (D',w)\\ < A r , s (D,w)\\v I L r (D)\\ 

is correct. Here A r ^ s (D,w) is a positive constant. 

Because domain D is an embedding domain and the composition operators 

(V?- 1 )* : L r (D) - L s (D',w), tp* : L l p (D',w) - L\(D) 

are bounded, the following inequalities 

inf \\u - c I L s (D',w)\\ < A rs (D,w) inf \\v - c I £ r (-D)|| 

< A riS (D, w)M\\v I Lj(L>)|| < A-,s(A w)K Ptq (D, w)M\\u \ 

hold. Here M and K pq (D,w) are positive constants. 
The Holder inequality implies the following estimate 

\c\ =w(D')-p\\c I L p (D', w)\\ < w(D')-p(\\u \ L p (D',w)\\ + \\u - c | L p (£>',iu)||) 

< w(D'yv\\u I L P (D',«;)|| + u>(-D')~s ||w - c I 

Because q < r we have 

Ik I A/C )!! < lie I L g (D)\\ + ||v — c I L g (D)\\ < \c\\D\« + \D\^\\v-c\ L r (D)\\ 
< (w(D')-p\\u I L P (D' ,w)\\+w(D')-^\\u-c \ L S (D', w)\\^j \D\^ + \D\^\\v-c \ L r (D)\\. 

From previous inequalities we obtain finally 

\\v I L q (D)\\ < \D\\w(D')-T>\\u I L P (D')\\ 

+ A ryS (D,w)K p , q (D,w)M\D\ 1 *w(D'y k P \\u \ L l p {D\w)\\ 



+ K P:q (D,w)M\D\ — \\u\Ll(D', 



w 
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Therefore the composition operator 

(p* : Wp(D',w) — > W g (D) 

is also bounded. 

Finally we can conclude that the embedding operator % : Wp{D',w) L s (D',w) is 
bounded as the composition of bounded operators ip*, (y? -1 )* and the embedding operator 
WHD) L r (D) in the case r < nq/(n — g). The embedding operator % : W^(D', w) 
L s (D',w) is compact as the composition of bounded operators p*, (y? -1 )* and compact 
the embedding operator W g (D) L r (D), in the case r < nq/(n — g). 

Let us apply these general results to domains with anisotropic Holder singularities 
described in [9]. 

Let <7i(r) = r 7 % 7$ > 1, < r < 1. For the function G = n™^ 1 9% denote by 

7 = — ; + 1- 

logr 

It is evident that 7 > n. Let us consider the domain 

i?p = {x E W 1 : < x n < 1, < Xi < ft(a;„), i = 1, 2, . . . , n - 1}. 

In the case g± = gi = ■ ■ ■ = g n -i we will say that domain H g is a domain with a-Holder 
singularity, a — (7 — l)/(n — 1). For gi(r) = g2(j) = • • • = g n -i(j) = t we will use 
notation Hi instead of H g . The domain Hi is quasiisometrically homeomorphic to the 
standard unit ball. Hence by Theorem 3 domain Hi is an embedding domain. 

If the weight is polynomial i.e. w(x) := \x\ a then the A p -condition is correct only if 
— n < a < n(p — 1). 

Theorem 6. Let — n < a < n(p — 1) and 1 < p < a + 7, then the embedding operator 

W}(H g , \x\ a ) L.(H g , \x\ a ) 

is compact for any 1 < s < ( a+7 ) p , 

PROOF. For any < a < 1 we define a homeomorphism ip a : Hi — > a > 0, by the 
expression 

Va(x) = (^(x B ),...,^^_ 1 (x B )X)- 

During the proof we will choice a number a and a corresponding homeomorphism in such 
a way that the conditions of Theorem 5 will be fulfilled. By simple calculation 

d (<Pa)i _ 9i(x n ) d(<p a )i _ -Xjgf(x n ) aXig^jx^ v , d(<p a ) n _ x 

~~ o ~~ ? — o ~~ 2 9i\ x n) ana — — — ax n 

X B OX n Xn X n OX ri 
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for any i = 1, n — 1. 

Hence J(x,p a (x)) = ax^~ n G a (x n ). By definition functions <?j, « = 1,2, ... ,n — 1 are 
Lipschitz functions. Therefore there exists a constant M < +00 such that 

9i(x n ) < Mx n and g[(x n ) < M 
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for any x n G [0,1] and i = 1,2, — 1. Using estimates for derivatives and the 

inequalities Xi < x n that are correct for all x G Hi we obtain the following estimate 
\Dip a (x)\ < c\x°^ x . By the same way we obtain also the two-sided estimate: 

C 2 < a < Wa{x)\ a < C 3 < a . 

Now we can check for which q the homeomorphism ip a : Hi — > is a w-weighted (p, g)- 
quasiconformal homeomorphism: 



J a = K p , q (Hi : w)v-« = / 1 ^ f dx 

J \\J{x,<p a )\w{(p a {x))J 

Hi 

< C I /.../( 7^ — : I ofei . . . dx n -idx n 

J J J \x a n - n G a {x n )xT ) 



1 

c I ^(p(«-l)-a(a+l)+n)^+n-l^_ a _ 



' J x [^-^+ n ) ^ +n - l G -^ q {Xn) dXr 



o 



Hence the quantity I a is finite if 



(p(a- 1) -a(a+ 1) +n)— hn-afa- 1)— — > 

v ' p — q p — q 

or 

g < np/ (a(ct + 7) + p - ap) . 

Hence, the homeomorphism tp a is a unweighted (p, g)-quasiconformal homeomorphism. 

Let us check the conditions of Theorem 5. First we have to estimate the degree of 
integrability for Jacobian J a of the homeomorphism <p a : 



J a = J (\J(x,(p)\w((p(x))^ dx 

Hi 

1 X n Xn 



<C J J ... J x[ a(a+1) n ) rLs G a ^s M dxi . . . dx n _idx n 



00 

1 



, (a(a+l)-n) -^+n-l+a-^(7-l) , 

<C x y Jr - S r - s dx„. 



The integral J a converges, if 

(a(a + 1) - n) — h n + a— — (7 - 1) > 0, 



r r 
h n + a 

r — s r — s 

or 



a(a + 7) 
s < — —r. 

n 



14 



Hence, the conditions of Theorem 5 are fulfilled if 

a(a + 7) nq np 
s < r, r < and q < 



n n — q ' a(a + 7) + p — ap 

Therefore 

a(a + 7) nq np a(a + 7) p(a + 7) 

S "^C *\ 



n n — q a(a + 7 — p) n a + 7 — p 

Theorem 6 is proved. 

Remark 1. The conclusion of Theorem 6 are fulfilled for functions gi : [0,1] — > R, 
i = 1, 2, . . . , n — 1 such that 

for some constants Ci and C 2 . 

From theorem 6 immediately follows. 

Corollary 2. Let DcK"bea domain with a-H61der singularity. Then the embedding 
operator 

Wi(D,\xn^L s (D,\x\ a ) 

is compact for 

(a(n - 1) + 1 + a)p 



s < 



a{n — 1) + a — (p — 1) 
(Here s > 0, since p < a + 7, a = (7 — l)/(n — 1).) 

Let us compare this result with the known ones. From the main result of [7] it follows 
that for an arbitrary domain D with a-H61der singularity the embedding operator 

Wp(D,\x\ a ) ^ L s (D,\x\ a ) 

is bounded, while 

(n + a)p 

S 



a(a + n — 1) — (p — 1) 
Then s > s while a > 1, and s = § while a = 1. Hence our estimate is sharper. 

The next results deal with embeddings of classical Sobolev spaces into weighted 
Lebesgue spaces. 

Theorem 7. Let D C K™ be an embedding domain and there exists a (p, g)-quasicon- 
formal homeomorphism of D onto bounded domain D'. 
If 



J ' (\J(x,(p)\w(ip(x))^ < +00, 



for a pair of numbers p < s < r < 00 then an embedding operator 

i:W*(D')^L s (D',w) 
is compact for r < nq/ '{n — q) and is bounded for r = nq/{n — q). 
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Proof. Because D is an embedding domain (p, g)-quasiconformal homeomorphism (p 
induces the bounded composition operator 

<p* : Wp(D') -> Wq{D) 

(see [18]). 

v 

Because J I \J(x, ip)\w(ip(x)) ) < +00 the composition operator for Lebesgue spaces 



D 



Wfr-yv I L s (D',w)\\ < A r , s {D,w)\\v I L r (D)\\ 

is bounded also. 

Finally we can conclude that 

1) If r < nqj (n — q) then the embedding operator % : Wp(D') L S (D', w) is bounded 
as a composition of bounded operators </?*, (y?" 1 )* and the bounded embedding operator 
W}(D) L r {D) ■ 

2) If r < nq/(n — q) then the embedding operator % : W p l (D') <^-> L s (D',w) is compact 
as a composition of bounded operators ip*, (y? -1 )* and the compact embedding operator 
W}(D)^L r (D). 

Apply the previous result to anisotropic Holder domains. 

Theorem 8. Let 1 < p < 7 and 1 < s < , then the embedding operator 

W}(H g ) L s (H g , \x\ a ) 

is compact. 

PROOF. Similar to the proof of Theorem 6 for any < a < 1 we define a homeomor- 
phism ip a : Hi — > a > by the expression 

Pafa) = (— • • • , ^^On-lM, <)■ 

During the proof we will choice a number a and the corresponding homeomorphism in 
such a way that the conditions of Theorem 7 will be fulfilled. 
By simple calculation we have 

d(¥a)i _ gf(x n ) d((f a )i _ -Xigf(x n ) aX^" _1 (x n ) , d(ip a ) n _ a _ v 

~K — ) - T. — 2 1 9A x n) ana — — ax n 

OX{ x n ox n X n x n ox n 

for any i — 1, n — 1. 

Hence J(x,ip a (x) = ax^~ n G a (x n ). By definition functions ^, i = 1,2, . . . ,n — 1 are 
Lipschitz. So there exists a constant M < +00 such that 

9i{x n ) < Mx n and g[(x n ) < M 

for any x n G [0,1] and i = 1,2,..., n — 1. Using estimates for derivatives and the 
inequalities Xi < x n that are correct for all x G Hi we obtain the following estimate 
|D</? (x)| < cix" -1 . In the same way we obtain also the two-sided estimate 



C<\<Pa(x)\ a <C 3 X« a . 
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Now we can check for which q the homeomorphism (p a : H\ — > H g is a (p, g)-quasiconformal 
homeomorphism. Let us start from the following estimate 



#1 

1 x n x n 



ft ff x p< - a ~ 1] \^ 

- C J J -J{^m) <fa — <fa -" fa " 



= C ] xi^-^^-'G-^M dx r , 



Hence, the quantity I a is finite if 



{via - 1) -a + n)— \-n-ah- 1)— — > 

p — q p — q 



or 



q < npj (cry + p — ap) . 

Hence, the homeomorphism tp a is a (p, g)-quasiconformal homeomorphism. 

Let us check the conditions of Theorem 5. First we have to estimate the degree of 
integrability for Jacobian J a of the homeomorphism <p a : 



■h = j ' (\J(x,(p)\w(ip(x))^ dx 

1 X n %n . . 

<C j J ... J xr a+1) ~ n '^G a ^(x n ) d Xl ...dx n ^dx n 







(a(a+l)-n) -!—+n-l+a-!—(-y-l) , 

< C / x\ > r - 3 r - s( dx„. 



The integral J a converges, if 

(a(a + 1) - n) — h n + a— 1 — (7 - 1) > 0, 

r — s r — s 

or 

a(a + 7) 
s < — —r. 

n 

Hence, the conditions of Theorem 5 are fulfilled if 



a(a + 7) nq np 
s < r, r < and q < 



n n — q ' 07 + p — ap 

Therefore 

a(a + 7) nq np a(a + 7) p(a + 7) 

n n — q 0(7 — p) n 7 — p 
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4. Sobolev embeddings for spaces with high derivatives 

This section is devoted to embedding theorems for weighted Sobolev spaces with high 
derivatives. 

If for some m and p an embedding theorem for classical Sobolev spaces W" 1 is correct 
then, using a standard procedure, it is possible to obtain the corresponding embedding 
theorem for m\ > m and p 1 > p also (see, for example [9]). Here we adopt the scheme of 
[9] to the case of weighted Sobolev spaces. The next lemma is the main technical result 
of this section. 

Lemma 3. Let D be a domain in R n . Suppose that for some p > 1 and q > 1 the 
embedding operator 

Wt o (D,w)^L qo (D,w) 
is bounded. Let p > p and - > -. If q is such that 

r — c P PO 90 ^ 

1111 

P Q Po % 

then the embedding operator 

W}(D,w)^L q (D,w) 

is bounded also. 

Proof. Let a function u belongs to the space Wp(D, w)nC^(D). Using boundedness 
of the embedding operator 

W' o (D,w)^L qo (D,w) 

we obtain the following estimate 



/ 



i , i 



\u\ q w(x) dx^j = (ju\ q o Y°w(x) dx^j 

D D 

< c(^J \V(ui)\ po w(x) dx^j F ° + Q (\u\%) P0 w(x) dx^ P ° 



D D 



/ \u\ p "~\Vu\ po w(x) dx) + I \u\ po ^\u\ po w(x) dx 

D D 



Applying Holder inequality we get 



1 p— PQ 

j \ u \ q w(x) d x y° < c((y \vu\ p w(x) d x y . ^p^^^) ^ pp ° 



D D D 

i 



i f J \u\ p w(x) dxj ■ \u\ PPo ^^w(x) dx 
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Because q = ppo qo l P l° Po ) we obtain finally 
i 

J \u\ q w(x) 



dx 



< C 



J \X7u\ p w(x) dx^j + \u\ p w(x) dx^j ^ ■ (^j \u\ q w{x) dx^j 

D D D 



P-PQ 
PPO 



Since - — e^bl — I then 
go ppo q 

\\u\L q (D,w)\\<C\\u\Wi(D,w)\\. 

Lemma is proved. 
Denote 

1m,o(p) = sup{g G M + : the operator W p m (D,w) <^-> L q (D,w) is bounded}. 
The following statements can be obtained directly from Lemma 3. 
Corollary 3. If D is a bounded domain in R n , p > p , then 



qId(p) > 



PoQl n(Po) - P(q*in(Po) ~ Po) ' 



Corollary 4. If D is a bounded domain in R™, p > p and m > 1, then 

* n PPoQlpiPo) 

q m ,n{P) - p ql D (p ) - mp(ql D (p ) - p o y 

PROOF. This corollary follows from the previous corollary by induction with respect 
to m. 

Combining Theorem 5 and Corollary 4 we obtain finally. 

Theorem 9. Let domain D C W 1 be an embedding domain and there exist w- weighted 
(p, g)-quasiconformal homeomorphism : D — > D' of domain D onto bounded domain 
D'. 

If for some s < r < nq/(n — q) the following inequality is correct 

\J{x,(p)\w(<p(x))) < +oo, 



D 



then an embedding operator 

i:W™(D',w)^L s *(D',w) 

is bounded, if 



P s 

s > 



s — m(s — p) 
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5. Solvability of degenerate elliptic equations 

In this section we apply an embedding theorem for Hilbert Sobolev spaces W\ to a 
degenerate elliptic boundary problem. 

Theorem 10. Let D' C 1" be a quasiisometrical image of an embedding domain D 
and 

w(y)~i dy < +oo. 



D> 

Then an embedding operator 

i' : W}(D',w)^ L 2 (D') 

is bounded. 

PROOF. By conditions of the theorem there exists a Q-quasiisometrical homeomor- 
phism ip : D — > D' of the embedding domain D onto D'. For any function u G W^iD', w) 
the composition u o (p is weakly differentiable in domain D, and the following estimates 
are correct for any 1 < q < 2. 



\uo<p\ W*(D)\\ = (^J \uo V \ q dx^j 9 + (^J \V(uo V )\ q dx^j 9 

.(/,:,,,,*, 

\J (\J{x,(p)\w{(p(x))2 



- ( / \VuW(x)W\J(x,<p)\w((p(x))% T dx 



By the Holder inequality we have 
\uo<p\ W}(D)\\ < 



q 2~q 1 

£ (/( ufe^K^M) )'"' " (/MV(*)M**))|J<*,dl«fa)' 

D D 
D D 

Since <p is the Q-quasiisometrical homeomorphism, then by the change of variable 
formula in the Lebesgue integral, we obtain 

i 1 / \ n I I / \ q j \ 

\uo ' 

. i y v , ,i - , 

i.)' D' 

2-q 



D' D' 

+ Q^(^j w(y)& dy^j " (^j \Vu\ p w(y) dy^j 



D> D> 

n , 2— q+n 

Q*K(w)\\u | L 2 (D',w)\\+Q^K{w)\\Vu \ L 2 (D'w) 
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By the previous inequality the composition operator 

(p* : W 2 (D',w) — »■ Wq(D), l<q<2, 

is bounded. 

Since D is an embedding domain there exists the bounded embedding operator 

i : WUD) ^ L_2s_(D). 



2n 



Now we choose a number o such that = 2 (i.e. o — 

^ n— g \ ^ n+2> 

Since </? is the Q-quasiisometrical homeomorphism, the following composition operator 
acting on Lebesgue spaces 

(V?- 1 )* : L 2 (D) -> L 2 (L>'), 

is bounded also [18]. 

Therefore the embedding operator i' : W 2 (D',w) > L 2 (D') is bounded as a composi- 
tion of bounded operators </?*, (y? -1 )* and the bounded embedding operator %. 



Define an inner product in the weighted space W 2 (D,w) as: 

< u, v >= J Vu ■ Vf w(x) dx, 

D 



for any u,v G W 2 (D, w). 

Consider Dirichlet problem for the degenerate elliptic equation: 

div(w(x)X7u) = /, (1) 
u\ dD = 0. (2) 

in a bounded domain D for the weight w G C 1 (D). 

Theorem 11. Let / G L 2 (D) and J w(y)~% dx < +oo. Then there exists the unique 

D 

o 1 

weak solution u G W 2 (D, w) of the problem (1, 2). 

Proof. The function / G L 2 (D) induces a linear functional F : L 2 (D) — > R by the 
standard rule 

F(0) = y f(x)<j>(x) dx. 

D 

o 1 

By Theorem 10 there exists bounded embedding operator i : W 2 (D,w) L 2 (D). 
Therefore 

|F(0)|< ||/. 01^(^)11 

< ||/ | L 2 (L>)|| • ||0 | L 2 (£>)|| < C||/ | L 2 (L>)|| ■ ||0 | W 2 (D,w)\\. 

o 1 

Hence, F is a bounded linear functional in Hilbert space W 2 (D,w). By Riesz represen- 

o 1 

tation theorem [20] there exists the unique function u G W 2 (D,w) such that 



21 



F{4>) =<u,(p>= J V-u • V0 w(x)dx, 

D 

or 

J Vm • V0 w(x)dx = J f(x)(j)(x) dx. 

D D 

Therefore u is the unique weak solution of the problem (1, 2). 
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